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This paper presents practical hypotheses for proving the existence of non- 
degenerate (i.e., transverse) homoclinic and heteroclinic orbits to hyperbolic 
periodic orbits, and the attendant embeddings of the Smale horseshoe mapping, 
in real analytic Hamiltonian systems with two degrees of freedom. The results 
are applied to the H&on-Heiles Hamiltonian in Section 5. 
The paper extends results of [l, 21, w h ere analyticity was not assumed. More- 
over, due to difficulties in proving the hyperbolicity of the relevant periodic 
orbits, subsequently overcome in [16], these earlier papers only investigated 
approximate embeddings of a “topological” horseshoe mapping, and at the 
expense of a considerable amount of technical detail. Here the topological 
technicalities have been substantially reduced, and the true embedding is 
obtained. With the exception of the verification of certain hypotheses in the 
example of Section 5, this work can be read independently of [l, 21. 
Section 1 discusses how nondegenerate homoclinic orbits can be obtained 
from “topologically” nondegenerate (seminondegenerate) ones, and provides 
a complete proof of an assertion in [7]. Section 2 then details conditions for 
proving the existence of topologically nondegenerate heteroclinic and homo- 
clinic orbits. In Section 3 the results of the first two sections are examined in 
the context of real analytic Hamiltonians. In particular, a simplification of a 
set of hypotheses of [2] is given, which hypotheses must be verified when applying 
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the results of [I, 21 to specific examples. Here an application to a Hamiltoniar 
treated in [4] is also presented, and a result from [16] is sharpened. Section 1 
discusses the alternative of transversality versus total degeneracy (complete 
“dovetailing”) of the stable and unstable manifolds of a one-parameter farnil! 
of hyperbolic periodic orbits (with parameter the energy h) over some oper 
interval of energy values. The final section applies these results to the HCnon- 
Heiles Hamiltonian. 
Throughout this paper “manifold” means a Hausdorff manifold which satis 
fies the second axiom of countability. 
1. SEMINONDEGENERACY IMPLIES NONDEGENERACY 
An analytic version of the following result was asserted by Conley [7, p. 133: 
see also pp. 150-1521. 
THEOREM 1.1. Let W be a Cl real-valued function defined in a neighborhooa 
of the origin of R1 with W(0) > 0. Define the planar mapping T: U -+ R2, whert 
U is an open neighborhood of the origin in R2, by 
* + x . ew(%v), 
y -.+ y . e-wbw)~ (1.2) 
Let yj(c) = (xi(c), yj(c)), j = 1, 2, be curves in the first quadrant of R2 which 
are Cl fm 0 < c < 6 and which satisfy: 
(a) q(c) and y2(c) are defined at c = 0 and 
arePforO<c<S, 
(b) xg(c) + yj(c) = c, j = 1, 2, for 0 < c < 6, (1.3) 
(c) x1(c) + Of and y2(c) + 0+ as cJ0, 
(d) yl(c) - ys > 0 and x2(c) -+ x0 > 0 as c JO. 
Then for n suficimtZy large the iterates T”(y,) will have a transverse intersection 
with yz . 
(r,l 
xy-c* 
FIGURE 1 
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Proof. Where possible we interpolate the map (1.2) by the flow Tt given by 
(1.4) 
‘Then TQ,(c)) = (e*J+‘(c) * xl(c), e-tv(c) f Y&>) interes ~~(4 = (x2(4 ~~(4) 
along the hyperbola xy = c* > 0 at time 
t* = Kl/wN log(X2(C)/X1(c))lc-o* - (1.5) 
Letting ’ = (d/dt), transversal@ of Tt*(yl(c)) with ya(c) at c = c* will follow if 
and 
(a) [(d/de) et*W(c)X1(c)]c_c* > XL(P), 
(b) [(d/de) e-t*W(C)yl(c)]c=G* < yL(c*). (1.6) 
Setting f(c) = hWd41 = b~Mr&)l f or c > 0, both inequalities in (1.6) 
are equivalent to showing that at c = c* one has 
(d/de) log logf(c) -=c wl(c)/W(c). (1.7) 
But the right-hand term in (1.7) goes to some finite constant as c = c* J 0, 
whereas the left-hand side is easily shown on using (1.3) to have limit -cc 
as c = c* JO. Since t* -+ + cc if and only if c* JO by (1.5) the result follows. 
Q.E.D. 
Remarks 1.8. (a) Let y(s) = (x(s), y(s)) be a Cl curve in R2 defined in a 
neighborhood of zero by 
4s) = W-J +“w>, 
Y(S) = Yo + ‘L?(s), 
(1.9) 
where m is a positive integer, a # 0, y. > 0, and f(s) and g(s) are Cl functions 
with f(0) = 0 = g(0). Letting c = c(s) = X(S) * y(s), it is straightforward to 
show that any branch y1 of y in the first quadrant can be reparametrized by 
c > 0 so as to satisfy the hypotheses on y1 in Theorem 1 .l. Similar remarks 
hold for obtaining ya in such a fashion. 
(b) If UC R2 is an open neighborhood of the origin and T: U + R2 
is a real analytic symplectic planar mapping admitting the origin as a hyper- 
bolic fixed point, then by a theorem of Moser [13, 171 T can be assumed to be 
in the Birkhoff normal form (1.2) with W(xy) = A, + h,(xy) + X,(XY)~ + ... 
a convergent power series near the origin with A0 > 0. If the origin then admits 
a homoclinic point, the curves y1 and yZ can be regarded as representing segments 
of the unstable and stable manifolds, respectively, of the origin. Theorem 1.1 
then implies that the origin admits a nondegenerate homoclinic point at the trans- 
verse intersection of P(y,) and yZ when the curves y1 and ya are in the same 
26 CWJRCHILL AND ROD 
quadrant. In the case that yr and y* are tangent to the respective axes with finite- 
order contact (for example, m > 2 in (1.9)), we then have in the terminology 
of [7] that “seminondegeneracy implies nondegeneracy.” The Smale horeshoe 
map can be embedded as a “subsystem” of T: U --f R2 near such a nondege- 
nerate homoclinic point [14, Theorem 3.7, p. 1011, whence T cannot be integrable 
[14, Theorem 3.10, p. 1071. This gives an alternate proof of a recent result of 
Cushman [8, p. 531. 
(c) If a hyperbolic periodic orbit in an analytic Hamiltonian system with 
two degrees of freedom admits a “seminondegenerate” homoclinic orbit, then 
it must admit a nondegenerate one. This follows from Theorem 1 .l by using 
the PoincarC map along the periodic orbit as the map (1.2). Consequences of 
this result and an adaptation to heteroclinic orbits will be presented in Theorem 
5.2 of Section 5. 
2. THE EXISTENCE OF TOPOLOGICALLY NONDEGENERATE HETEROCLINIC ORBITS 
We consider a 3-manifold M of class Cr with a ClJlow cpt: M -+ M, and we 
assume q9 admits a nonempty collection of hyperbolic periodic orbits n$ 
satisfying the following hypotheses. 
Hypothesis 2.1. (a) Each l7$ is contained in the interior of a neighborhood 
Bi !a s2 x [0, 1] in which the flow can be viewed by rotating Fig. 2 about the 
vertical axis. In particular, each of the stable (17,+) and unstable (rri-) manifolds 
of 17i intersects each of the two boundaries & m s2 x (0) and &# w S2 x (1) 
in one simple closed curve. In Fig. 3 we set UJ~* = 17i* n ,& and omit the leaves 
of 17,* that intersect Q+. Note from Fig. 2 that l7, is assumed to be the unique 
invariant set of the flow in Bi . 
(b) int(B,) (7 int(Bj) = ,G if Ii’, # I& . 
(c) Let Ti* denote the set of points on Zi carried by the flow in (-&)-time 
directly to sets Ri* on &+-. Then the Ti* are open (rel ZJ disks in Zi with 
x” 
FIGURE 2 
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FIGURE 3 
boundaries aTi* = wi* (similar statements hold for &*). We assume that the 
the T$ are “topologically transverse” to the flow in the following sense: there 
are open (rel Zj) neighborhoods N,* of cl( T,*) and l i > 0 such that the mappings 
(p, t) --t v”(p) of Ni* x (-Q , ci) -+ M are homeomorphisms onto open sets, 
and that for 0 < t < zi we have P*~( p) E int(B,) and v?“(p) $ Bi . 
(d) Orbits that intersect any Ri* do not again intersect any B, (k = i 
included) in (&)-time (such orbits are said to “go to infinity”). 
We remark that Hypothesis 2.1 is satisfied in a neighborhood of a critical 
point P of a Hamiltonian system of two degrees of freedom at energies h > h, = 
H(P), with (h - h,) small, provided the eigenvalues of P are for, -&/I, where 
01 and $ > 0 (see [12; 6, I’roposition 2.1-j). However, Hypothesis 2.1 can also 
be verified under more general circumstances, as will be seen in Section 5. 
DEFINITION 2.2. (a) A crossing orbit from Ti- to Tj+ is an orbit segment 
{v”(p): 0 < t < to} such that p E T,-, cpto( p) = p* E Tj+, and p”(p) $ ,Q+ u Zj# 
for 0 < t < t, . (For t, = 0 this last requirement is vacuous.) We speak of 
such a crossing orbit as being from p to p*. 
(b) If C(t) is a crossing orbit from p E Ti- to #o(p) = p* E Tj+, then 
Hypothesis 2.1(c) guarantees that the map p -+ p* can be extended, using the 
flow, to a homeomorphism from some connected neighborhood (rel ,ZJ of p 
onto a neighborhood (rel Zj) of p *. Let r be the maximal connected set in 
cl(Ti-) containing p which is carried by such an extension to r* C cl(Tj+). 
Then C(b) is called regular if r (and hence r*) is closed. 
(c) If C(t) is a regular crossing orbit from Tip to Tj+ and 4 E ui- n r 
is carried by the flow to q* E wj+ n P, then the orbit of q will be called a regular 
heteroc[inic orbit from II, to 17j (regular homoclinic if I& = 17j). 
Regularity simply implies that points in cl(r) cannot be on orbits that are 
asymptotic in (+)-time to invariant ‘sets of the flow other than nj without 
first passing through Ti+. Techniques for constructing crossing orbits’ and 
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verifying regularity in Hamiltonian systems are given in [2], wherein the term 
“regular” is not used, but is incorporated into Hypothesis 6 in Section 1 of 
that paper. 
THEOREM 2.3. Let M be a 3-manifold of class Cl, and let #: M -+ M be 
a C1 jlow admitting a collection of distinct hyperbolic periodic orbits {17~}~Sl satis- 
fying Hypothesis 2.1. Also, for each pair of distinct indices i, j, assume that there 
is a regular crossing orbit from Ti- to Tj f. Then for each pair of distinct indices 
i, j, there is a regular heteroclinic orbit from IId to .TIj that is “topologically non- 
degenerate” in the following sense: there is an arc A C wi- whose homeomorphic 
image A* in Z; under theJEow map intersects both Tj+ and .?$ - cl( Tj+) nontrivially. 
There are also “topologically nondegenerate” homoclinic orbits (not necessarily 
regular) to each lI, , i = 1,2,3. 
Proof. We will prove there is a topologigally nondegenerate heteroclinic 
orbit from Lr, to Lra , the argument for other indices being similar. All topo- 
logical operations will be rel(& U .& U 2;). 
For i = 1,2 and j = 3 let the regular crossing orbits in the statement of the 
theorem be from pi E Ti- to p? E T3+, and let ri C cl(T,-) and r’r C cl( Ts+) 
denote the corresponding maximal closed subsets of Definition 2.2(b). Note 
by Hypothesis 2.1(d) that r* r\ I’* = 0. Construct and arc y: [0, I] + T3+ 
with r(O) = p: and y(l) = pt , and note that since p, E TI- we have p* E 
int(c); hence there is a maximal to E (0, 1) with r([O, to]) C r;” . If 4 E r, 
is the preimage of y(t,) under the flow mapping T’, + r;” , then q E T,- would 
contradict the maximality of t, , and thus q E wi- n r, . However, a similar 
argument applied to the crossing orbits from TI- and T,- to Tz+, together 
with Hypothesis 2.1(d), shows that wr- Q I’, . The component of wi- n F, 
containing q is therefore an arc, which by Hypothesis 2.1(c) can be slightly 
enlarged to an arc /l satisfying the requirements of the theorem. 
To obtain the topologically nondegenerate homoclinic orbits consider any 
component (1, of Ll* n (Na + - cl(T,+)) whose closure intersects ~a+. Using 
standard arguments (which follow from Figs. 2 and 3, see, for example, [7]), 
the flow can be seen to carry LI, through Es to an arc (1, in Na- - cl(T,-) 
which spirals asymptotically to wg-. Since from the above there is a topologically 
nondegenerate heteroclinic orbit from Lra to 17, , the arc rl, must intersect the 
stable manifold n,+ thus giving the desired homoclinic orbits to Lrr (similarly 
for the other indices). Q.E.D. 
Remarks 2.4. (a) If one adds to the hypotheses of Theorem 2.3 that there 
are regular crossing orbits from Ti- to Ti + then the result holds for the case , 
where one has only two distinct hyperbolic periodic orbits L$ , i = 1, 2. One 
also obtains in this case regular homoclinic orbits to the Lr, that are topologically 
nondegenerate. 
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(b) Theorem 2.3 is also true for Co flows on topological 3-manifolds when 
the local flow structure around the “isolated” periodic orbit appears as in Figs. 2 
and 3 (see [l; 2, Theorem 2.61). Such a local flow structure can sometimes be 
shown to exist without a priori knowing that the periodic orbits are hyperbolic 
(see [3] and the example of a parabolic.orbit with stable and unstable manifolds 
given in [16, Example E, p. 3431). 
3. ANALYTIC HAMILTONIAN FLOWS 
Let M be a regular energy surface of a real analytic Hamiltonian defined on 
a four-dimensional real analytic symplectic manifold, and r# the flow on M 
obtained by restricting the Hamiltonian vector field to M. Then under the 
hypotheses of Theorem 2.3 (or the modifications proposed in Remark 2.4(a)) 
we can conclude by Theorem 1.1 and Remark 1.8(c) that there are nondegenerate 
(i.e., transversal) heteroclinic orbits from D* to ITj (homoclinic if 17$ = &). 
As stated in Remark 1.8(b), the Smale horseshoe map can then be embedded 
as a subsystem of the flow; in fact in multiple ways [14, Theorem 3.7, p. 1011. 
Moreover, the unrestricted flow can then have no global second analytic integral 
independent of the Hamiltonian [14, Theorem 3.10, p. 1071. This corrects the 
statement and proof of Theorem 1.4 in [2, p. 731, which has an assumption on 
regular values which makes the result vacuous. 
In the case of analytic Hamiltonians the above remarks afford a simplification 
of the assumptions of [2], and lead to sharper results. Indeed, in Section 1 
of [2] six geometrical hypotheses are stated which guarantee the existence of 
topologically nondegenerate heteroclinic orbits connecting distinct “isolated” 
periodic solutions of 2 = --IV* , where the potential W: R2 + R is Cs (X E R2 
and W, = grad I&‘). However, the more recent papers [16] imply that the 
“isolated” periodic orbits considered in the examples of [2] are actually hyper- 
bolic. When W is real analytic (which is the case in every example in [2]), 
Theorems 1.1 and 2.3 and the subsequent remarks then allow the replacement 
of Hypotheses, 4, 5 and 6 of [2] by the following two hypotheses: 
Hypothesis 4’. Each periodic orbit 17i is hyperbolic. 
Hypothesis 5’. There is a regular crossing orbit from Y7’- to Tj+ for each 
pair df indices i # j. 
As illustrations of the sharper results we first improve an example from [4], 
and then a theorem from [16, Section 61 (also, see Section 5 of this paper). 
Consider the real analytic Hamiltonian H: R* + R given by H(x, y) = 
UP) I Y I2 + U/2) I x I2 - W) x,2x,2, where x = (xi , x2), y = ( yr , ys) E R2. 
In [4] it was shown that for almost. all energy values h in a certain nonempty 
interval (ho, hJ C (0, 1) the corresponding flow on the energy manifold H = h 
admits two linked elliptic stable periodic orbits and interlinking clusters of 
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“random” orbits which can be analyzed using symbolic dynamics. Using the 
discussion above, one can now see that at these energies the Smale horseshoe 
mapping can be embedded into the flow, and that the “random” orbits can be 
directly associated with the horseshoe map. The authors are unaware of any 
simpler example of a Hamiltonian system in which the flow exhibits such 
verifiable diversity at a single energy level. 
THEOREM 3.1. Consider a real analytic Hamiltonian H: R4 -+ R of the form 
q&y) = (l/2) IY I2 + n (x2 -&x1) + @2n+2(4 
i=l 
where x = (x1 , x2) E R2, y E R2, n 3 1, the constants hi are all distinct, and 
OB,,+2(x) is independent of y and represents terms in x of degree at least 2n + 2. 
Then we have: 
(a) As the energy increases past zero, the origin bifurcates into 2n + 1 
“basic” hyperbolic periodic orbits (see Fig. 7 of [16, p. 3391). 
(b) Any pair of these basic periodic orbits is connected by a nondegenerate 
heteroclinic orbit, and thus the Smale horseshoe mapping can be embedded into the 
pow in multiple ways. In particular, at all su$kiently small positive energies the 
J%W must admit in.nitely many distinct periodic orbits. 
Contrast Theorem 3.1 with a result of Weinstein [18, 191 which (for the case 
of two degrees of freedom) states that for a Hamiltonian of the form H(x, y) = 
EP)(x, y) + Os(x, y), where x, y EP and ZF2) is positive definite, the energy 
surfaces corresponding to all sufficiently small‘ positive values of the energy 
must admit at least two distinct periodic orbits. 
Note that the origin is a totally degenerate critical point for the flow defined 
by the Hamiltonian of Theorem 3.1, in the sense that all four eigenvalues are 
zero. 
4. TOTAL DEGENERACY VERSUS TRANSVERSALITY 
A P-vector field V on a (2n)-dimensional manifold N of class C2 is called 
reversible if there is a C2-diffeomorphism Q: N -+ N satisying: 
(a) QOQ = id; 
and (4.1) 
(b) the Jacobian mapping DQ satisfies (DQ) o I/ = -(V o Q). 
If this is the case, then a subset A C N is called symmetric if Q(A) = A. If L’ 
is a symmetric hyperbolic periodic orbit for the flow #: N ---f N generated by V, 
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with stable and unstable manifolds denoted by lI+ and n-, respectively, then 
(4.lb) implies Q(J7+) = 17-. In fact (4.lb) is equivalent to 
c# o Q = Q o c@, (4.2) 
and one also speaks of the flow # as being reversible. 
If M is a submanifold of N of class C2 such that Q(M) = M, and if Y restricted 
to M lies in the tangent bundle to M, then we speak of V as being a reversible 
vector field on M. 
As an example of a reversible vector field, consider the Hamiltonian vector 
field on R4 defined by a Hamiltonian of the form H(x, y) = (l/2)\ y I2 + W(X), 
where x, y E R2 and W: R2 + R is a C2-potential; here one can take Q(x, y) = 
(x, -y). For more on reversible flows see [9; 10; 14, pp. 34-381. 
Let 17 be a periodic orbit satisfying Hypothesis 2.1. Denote by l7++ (17~-) 
the branch of 17+ (P) that contains W+ (w-) in Fig. 3. 
LEMMA 4.3. Let V be a reversible vector field on a C2-manifold N, and let 
M be a three-dimensional submanifold of N for which V 1 M is reversible w.r.t. 
the dilfeomorphism Q: M ---f M. Let pt: M + M denote the flow on M induced 
by V, and assume $ admits a symmetric hyperbolic periodic orbit H satisfying 
Hypothesis 2.1. Assume further that n lies on a 2-sphere S in int(B) m S2 x (0, 1) 
that surrounds Z# and is such that Q(S) 1 ies in int(B). Then, in the notation of 
Defkition 2.2(b), if there is a regular crossing orbit from T- to T+, then there is 
a regular homoclinic orbit to Il. Moreover, if w- C r (see Definition 2.2(b)) then 
W+ C r* and II++ = IT--. (Similarly if w+ C r* is given, then w- C r and again 
l-I-+ = n--.) 
Proof. If r C T- and r* C T+, then r is not maximal. We can thus assume 
n-h- f m since the following argument applied to the case r* n W+ # o 
using the backward flow will give the same result. If the flow carries r n W- 
to cl(T+) so as to intersect W+ nontrivially, then there is a regular homoclinic 
orbit to 17 (and possibly W- C r). Alternatively the flow carries the compact 
set r n W- to the open set Tf and the maximality of r then implies W- C r. We 
now show that W-C r implies l7++ = lP-. Note that Hypothesis 2.1(d) 
implies that only that branch li-- of n+ u l7- can intersect T+ and that 
II+ n T+ = 0. If IP- n T+ # o (hence n++ # P-), then bringing this 
intersection forward by the flow to the sphere S we can construct an arc y 
with endpoints on the two respective branches of l7- so that y n IIf = @ 
(since II+ n T+ = ~a> and y lies sufficiently close to S so as to guarantee 
Q(r) C B. But then, since Q(P) = l7+, the arc Q(v) connects the two distinct 
branches of fl+ and hence must intersect Ii- (since 17- separates B; see Figs. 2 
and 3). This implies that y n n+ # m, a contradiction, and hence l7++ = 17--. 
(Note that W- cannot be carried by the flow into a proper subset of w+ since then 
the image would fold back on itself and this would violate uniqueness of orbits 
505/37/r-3 
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through a given point.) The regularity of the homoclinic orbit(s) follows since 
w-cr. Q.E.D. 
THEOREM 4.4. Let N be a four-dimsional real analytic symplectic manifold, 
and H: N--f R a real analytic Hamiltinian. Assume that the corresponding 
Hamiltonian vector field is reversible, with Q: N -+ N real analytic, and admits 
a one-parameter family of symmetric hyperbolic periodic orbits 17, with energies 
h E (a, b), the dependence on h being real analytic. Further, assume that each II, 
satisfies Hypothesis 2.1 within the energy manifold iWh = H-l(h), where Q(M,) = 
Mh > and that the 2-sphere Z(h) (the .Z$ of Hypothesis 2.1) changes continuously 
with h. Also assume that each lI, is contained in a 2-sphere S, satisfying the 
hypotheses imposed on S in Lemma 4.3. Finally, assume that for each h E (a, b) 
there is a regular crossing orbit from T-(h) to T+(h), and that for some h’ E (a, b) 
there is a nondegenerate homoclinic orbit to II,, (i.e., the branches lI,&+ of the stable 
and IIS&-ff the unstable manifolds of IIa* have nonempty transvgse intersection). 
Then: 
(a) the set A = {h E (a, b): l7;+ = II;-} has no limit point in (a, b), and 
(b) for each h E ((a, 6) - A) there is a nondegenerate homoclinic orbit 
to 17,. 
Proof. (1) Assume (a) is false, choose a limit point h* E (a, 6) of A, and 
choose a sequence (hi) C A such that hi -+ h*. We first show that h* E A. If 
$(h) denotes the flow restricted to ikih , then $(hj) carries w-(hi) onto w+(hj) 
in Z(h)); we claim #(h*) carries w-(h*) onto W-+(h*). By Lemma 4.3 we can 
choose a regular homoclinic orbit to lI,, , and this orbit will contain a segment 
from a point p E w-(h*) to a point p* E w+(h*). Now choose an open (rel Z(h*)) 
neighborhood N of cl( T+(h*)), and let y be the maximal connected subset of 
w-(h*) containing p which is carried homeomorphically by the flow to y* in N. 
Then y is the limit of segments from w-(hj) which are carried to w+(hJ, and so 
we must have y* C w+(h*). It now follows from regularity that y is closed. 
But then y = w-(h*), for otherwise y must be an arc, and the prececing argu- 
ment can be applied to the endpoints of y, rather than p, to show that y is not 
maximal. Thus @(h*) carries w-(h*) onto W+(h*), and so h* E A. 
(2) We next claim that 17, ++ = n;l- throughout some open interval 
(a’, b’) C (a, b) containing h*. Indeed, we choose an analytic family of sections 
transverse to fl,, one for each h near h*, and compute the corresponding 
Poincarb mappings Ph . These depend analytically on h, and by an analytic 
change of variables (also analytically dependent on h) can be put into the form 
(1.2), where now W(xy) = W,(xy) is analytic in h. If the claim is false, then there 
are values of h arbitrarily close to h* such that the curve w-(h) will be mapped 
by #(h) to a curve on Z(h) which is close but not coincident with w+(h). In 
terms of the section mappings, which we consider as an analytically parameterized 
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family of mappings of a neighborhood of the origin of the (x, y)-plane, this says 
that there is a point 4 on the x-axis which is carried by @(h*) to a point f(h*) on 
the y-axis, but which is carried by #(h) for nearly the same time (until returning 
to the relevant section) to a point f(h) not on the y-axis. But the composition 
(X of)(h) is analytic in h, and vanishes at each hj , hence is identically zero. 
This contradiction establishes our claim. 
(3) Finally, we claim (a’, b’) = (a, b). Indeed, if either a < a’ or b’ < b, 
or both, then the arguments of the preceding paragraphs apply, with h* 
replaced by a’ or b’, or both, to give a similar contradiction. Thus A = (a, b), 
but this is impossible since by assumption there is some h’ for which the orbit 
II,, admits a nondegenerate homoclinic orbit. This completes the proof of part 
(a) of the theorem. 
(4) As for part (b), we see by Lemma 4.3 that we cannot have w-(h) C r = 
r(h) for h E ((a, b) - A), and Lemma 4.3 also implies that II;, admits a regular 
homoclinic orbit. Part (b) now follows from the analyticity assumptions together 
with Remark 1.8(c). Q.E.D. 
Remarks 4.5. (a) In the statement of Theorem 4.4, if flh depends con- 
tinuously on h, where the Hamiltonian is real analytic, then the analytic dpen- 
dence on h is automatic by [17, Section 211. 
(b) One can modify the definition of a regular homoclinic orbit from 
pEti- to p* E W+ to simply mean that the maximal connected set in cl(T-) 
containing p that the flow maps homeomorphically to cl(T+) is closed (without 
reference to crossing orbits). Part (a) of Theorem 4.4 can then be obtained by 
assuming that for each h E (a, b) the periodic orbit II, admits a regular homo- 
clinic orbit and dropping the hypotheses necessary for applying Lemma 4.3 
(in particular, the symmetry of n,). Thus one can bypass the need for Lemma 4.3 
in the proof of part (a) of Theorem 4.4 by these alternate definitions and assump- 
tions. However, in practice one verifies the existence of regular homoclinic 
orbits by means of Lemma 4.3, and this explains why we have given the results 
in this format (see the example in Section 5). 
5. AN EXAMPLE-THE H&NON-HEILES HAMILTONIAN 
The HCnon-Heiles Hamiltonian is the real analytic Hamiltonian ~(x, y) = 
(l/2) 1 Y 1’ + W(X), where x = (x1 , xs), y = ( y1 , ys) E R2, and the potential W 
is given by 
W(x, 7 x2) = (I /2) I 2 I2 + (l/3) Xl3 - x&t”. (5.1) 
The expression given in [ 1 l] for this Hamiltonian is equivalent to the above via 
a trivial canonical transformation which renames variables. The potential W 
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FIGURE 4 
is invariant under rotations in the x-plane through angles f(2a/3), and at 
energies h > (l/6) has level curves W(X) = h as sketched in Fig. 4. 
At energy h = (l/6) the potential W has three symmetrically placed critical 
points pi , i = 1,2, 3, where p, = (- 1, 0), and the eigenvalues of W at these 
points are -1 and +3. At energies h > (l/6) these critical points give rise to 
three symmetrically placed periodic orbits fl,(h), i = 1,2, 3, depending analy- 
tically on h, whose x-plane projections (denoted by ni in Fig. 4) connect opposite 
branches of the level curve W = h. The existence of the rid(h) for all h > (l/6) 
is shown in [3], and their hyperbolicity in this entire energy range is shown in 
WI- 
The HCnon-Heiles flow is reversible, with Q(x, y) = (x, -y) in (4.1), and 
the J&(h), i = 1,2,3, are all symmetric w.r.t. this diffeomorphism. Moreover, 
these periodic orbits have local flow structure satisfying Hypothesis 2.1, and 
in this example one can even take &(h) symmetric with Q(Ti+(h)) = Td-(12) 
[2, Sects. 1, 91, though this is not required in order to apply Theorem 4.4. In 
addition, Q(Mh) = Mn, the &C,(h) vary continuously with h [2, Sects. 1, 6], 
and n,(h) lies on a 2-sphere &(h) satisfying the hypotheses imposed on S in 
Lemma 4.3. 
Any orbit whose x-plane projection enters the region to the left of 17,(h) 
in Fig. 4 can be shown to remain “above” that region for all future time, and 
to have empty w-limit set (such an orbit is said to “go to infinity in leg 1”; 
see [15, Corollary A.7, p. 1681 for the type of reasoning involved). Here any 
orbit whose x-plane projection first intersects the region below 17,(h) in leg 2, 
and then intersects the region to the left of 17,(h) in leg 1 (see Fig. 4), will be 
called a “crossing orbit from leg 2 to leg 1.” Indeed, some segment of such an 
orbit must then be a crossing orbit in the sense of Definition 2.2(a) [2, Sect. 11. 
In [2, Sects. 3, 61 it is shown for this Hamiltonian that all crossing orbits, and all 
heteroclinic and homoclinic orbits (including the homoclinic orbits of Theorem 
2.3) between the ni(h), i = 1, 2, 3, must be regular. 
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Let I&+(h) (respectively ITi-( denote the positive (respectively negative) 
asymptotic manifold of the hyperbolic periodic orbit I;Ti(h). Also, let 
II,+(h) $ D,-(h) denote a nonempty transverse intersection of those branches 
of these manifolds that, respectively, contain wi+(h) and q-(h) in Fig. 3. 
THEOREM 5.2. For the H&on-Heiles Hamiltonian, with potential (5.1), 
the following results hold: 
(a) There is a minimal energy (l/6) < h, < 00 such that for all h > h, 
there is a regular crossing orbit with energy h from leg 2 to leg 1 in Fig. 4 (hence, 
by symmetry, between any two distinct legs). At these energies Iii+(h) 5 17,-(h) 
for i, j = 1,2,3 (i = j included), and the Smale horseshoe mapping can be embedded 
into the flow on M,, along these nondegenerate heteroclinic and homoclinic orbits 
in “multiple ways” [2, Theorem 6.2, p. 1061. 
(b) For i = 1,2, 3 we haoe 17,+(h) & U,-(h) for all h > (l/6), except 
possibly at a countable set of energies A = {h, : n = 1, 2,...}, where h, 3 h, 
and h, J (l/6) as n -+ 00. For h E ((l/6, OZ) - A) the Smale horseshoe mapping 
can be embedded into the flow on M,, along these nondegenerate homoclinic orbits 
to each 17,(h). 
(c) There can be no global analytic integral G: R4 ---f R of the He’non- 
Heiles system which is independent of the Hamiltonian H. 
Proof. (a) We first show that there is a crossing orbit from leg 2 to leg 1 
at sufficiently high energies. As already remarked, such an orbit is then auto- 
matically regular. 
In the system 3i = y, j = - W, associated with (5.1) make the (noncanonical) 
substitution x = C-IQ, y = E-si*p, where E > 0. Resealing the time variable 
to s = cc1i2t gives a new system with Hamiltonian 
HA, P> = (l/2) I P I2 + (e/2) I 4 I2 + (l/3) q13 - 41422. (5.3) 
The flow defined by (5.3) w.r.t. time s on the energy manifold H, = h is con- 
jugate to that defined by HI = H on H = l p3h, a large positive energy for 
E > 0 small. 
When E = 0 in (5.3) we obtain the “monkey saddle” Hamiltonian, and in 
[15, Lemma 3.7, p. 1441 it is shown by geometric arguments that this latter 
Hamiltonian admits crossing orbits from leg 2 to leg 1 at all energies above 0. 
(The level curves of the monkey saddle potential at positive energies are similar 
in shape to those of the H&on-Heiles potential at energies above (l/6).) Fixing 
E > 0 sufficiently small the flow obtained from (5.3) must also admit such 
crossing orbits, and hence the flow on H = l -ah for the H&on-Heiles problem 
admits such crossing orbits. 
The symmetry of the potential under rotation through angles &(2m/3) and 
the reversibility of the flow with Theorem 2.3 imply that for each i and j 
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(1 < i,j < 3) there are “topologically nondegenerate” regular heteroclinic 
(regular homoclinic if i = j) orbits from fl#z) to n,(k) for h > h, . One can 
then construct a picture similar to Fig. 1 in a cross section to n,(h) in which the 
arcs yr C 17,-(h) and ‘yz C 17,+(h). Th eorem 1.1 and Remarks 1.8(a, b, c) then 
apply to give 17,+(h) & &(A) (i = j included) for h > h, . The construction 
in [14] for embedding the Smale horseshoe map along nondegenerate homo- 
clinic orbits, and its adaptation to the pair of nondegenerate heteroclinic 
orbits that go from n,(h) to 17,(h) and f rom n,(h) to Z&(h) (i # j), respectively, 
then give the result. (Alternatively, one can use the pair of nondegenerate 
heteroclinic orbits to find a nearby nondegenerate homoclinic orbit and embed 
the Smale horseshoe map along this latter orbit.) 
(b) From (a) above we have ha > hr. Using Remark 1.8(b), part (b) 
then follows from Theorem 4.4, in which the symmetrically placed gradient 
line orbits are used as the regular crossing orbits, and h’ is taken >h, . (For 
example, the orbit that projects to the x,-axis in Fig. 4 is a regular crossing orbit 
from T,-(h) to Tr+(h) for all h > (l/6).) 
(c) This follows from the discussion in Remark 1.8(b) relating the 
embedding of the Smale horseshoe mapping to the nonexistence of global 
second analytic integrals independent of H. Q,\E.D. 
By using a computer and making delicate error estimates, crossing orbits 
have been found in the H&on-Heiles Hamiltonian at energies as low as (19/80) 
(see [4]). It is an open problem whether such crossing orbits exist at all h > (l/6), 
thus forcing h, = h, = (l/6). We can prove, however, that a certain “tur- 
bulence” must enter the flow as the energy decreases towards (l/6). 
Define the linking number of a crossing orbit from leg 2 to leg 1 in the HCnon- 
Heiles flow as the number of times the x-plane projection of the crossing orbit 
intersects the gradient line x2 = 3ri2x, of the potential (see Fig. 4). (Such 
intersections with the gradient line must be transverse since the gradient line 
is itself the x-plane projection of an orbit which comes from and goes to leg 3.) 
For h sufficiently large the minimal linking number of such crossing orbits 
must be +l by [15, Lemma 3.7, p. 1441 and the proof of Theorem 52(a). 
THEOREM 5.4. In the Ht%wn-Heiles jlow the minimal linking number that 
crossing orbits with energy h from leg 2 to leg 1 can have must go to + co as h J h, 
(where h, is defined in Theorem 5.2(a)). Moreover, the respective flows on 
Ma = H-l(h), fm h > (l/6), cannot all be conjugate with conjugacies Jixing 
points in the x2 = yz = 0 plane. 
Proof. If the minimum linking number is bounded as h 1 h, , then there is 
an integer M > 0 and a sequence of energies 1, -1 h, as n --f co such that there 
is a crossing orbit from leg 2 to leg 1 at energy 1, with linking number M. 
The limit of these orbits is then easily seen to contain either (1) a crossing orbit, 
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(2) a heteroclinic orbit from fla to n, (from pa to p, if h, = (l/6)), (3) an orbit 
coming from infinity in leg 2 and positively asymptotic to Z’.I, , or else (4) an 
orbit negatively asymptotic to 17, and going to infinity in leg 1. If h, > (l/6), 
then, using spiraling techniques as in [2, particularly p. 951, one can prove that 
all four of these possibilities imply the existence of a crossing orbit at energy 
ha , which is a contradiction. On the other hand, if h, = (l/6), then the only 
possibility is a heteroclinic orbit from p, to p, in Fig. 4. But the stable and 
unstable manifolds of these critical points are one-dimensional, and are easily 
seen to have their x-plane projections along the lines X, = 0 and xa = -31/2~, , 
respectively. Hence no such heteroclinic orbit can exist. This contradiction gives 
the first statement of the theorem. 
The second statement follows from the first, together with the fact that the 
linking number must be conjugacy invariant for any conjugacy which fixes 
the x2 = y2 = 0 plane. Q.E.D. 
The result in part confirms conjectures made in [2, p. 1081 and is to be con- 
trasted with the monkey saddle flow generated by (5.3) (with E = 0) in which the 
flows are conjugate at all energies h > 0 [15, Lemma 1.1, p. 1341. 
For the H&on-Heiles Hamiltonian at energies h > (l/6), let the flow on 
Mh = H-l(h) be in the Mth quasi-conjugacy class if the minimal linking number 
for crossing orbits from leg 2 to leg 1 is M. Theorem 5.4 can then be restated: 
(a) There are an infinite number of distinct quasi-conjugacy classes of flows 
for the H&non-Heiles problem; and (b) flows in distinct quasi-conjugacy 
classes cannot be conjugate by a conjugacy which fixes the x2 = ys = 0 plane. 
An open question is: Are flows at different energies h > (l/6) conjugate if and 
only if they are in the same quasi-conjugacy class ? 
For more details about the H&on-Heiles and related Hamiltonians we refer 
the reader to the survey [5]. 
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